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The existence of default correlation is an important topic in risk management . Ig-
noring the correla tion will lead to incorrect estimation of risk a nd insufficient cont in-
gency capita l in a firm . The assumption of "systema tic ri sk" has been one of t he ways 
researchers used to account for default correla tion. This work fo cuses on the use of 
structura l model to est ima te default risk of firms. I int roduce systemat ic ri sks in t he 
firm 's asset dynamic, and investigat e t he impact of such system atic r isks in default cor-
rela tion. 1 'he Capita l Asset Pricing Model (CAPM ) serves as a fi rst att empt to account 
for systematic risks , whereas the approximate factor model is also introduced t o the 
KMV fr amework of credit risk in order t o help defin e the factors. One la tent fac tor , 
which is found to be highly correlated to the m arket return , is discovered . Consequently, 
correla t ed defa ult probabili ty based on different results is calcula t ed a nd cont ras ted to 
prev ious work on correlat ed default , and the approximate factor model is found to reveal 
the la rgest extent of dep endence among defaults . 
1 · Introduction 
Credit risk has been an important topic because of the boom of credit deriva-
tives in the recent decade, and it has raised the awareness of many after the 
subprirne crisis. In the sense of a firm , rather t han a derivative, default rneans 
inability to repay due loans. Thus, it is highly relat ed t o the firrn 's account ing 
information , namely, its asset and liability. 
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A firm 's profi tability cannot escape from the impact of business cycle. In 
economic downturn , when banks are concerned about loan repayment and de-
fault probability, they will become more stringent about their credit grants. 
Fewer loans will be made, and some loans will be called back. Meanwhile, 
dernand and investrnent contract , further undermining the firm 's profi tability. 
Thus, a firrn rnore reliant on loans and rnore sensitive to shocks should be more 
likely to default than its peers within the same industry and same country. 
[Insert Figure 1 here] 
From t he graph , we can see that t he number of bankcruptcy is counter-
cyclical to GDP growth. When GDP rises, number of bankruptcies declines , 
and vice versa. The abrupt change in number of bankruptcy in 2006 is due to 
change of bankruptcy law. Yet , aft erwards, it continues to rise as GDP growt h 
continues to fall. It confirms that bankruptcy is indeed correlated to the eco-
nomic environment. 
From previous events of default , we know that defaul ts arc not independent . 
Rather , t hey tend t o cluster together. The burst of dot-corn bubble and the 
recent credit crisis are convincing examples of the contagious effect of bankrupt-
cies . In 2001 , more than 537 dot-corn firms went bankrupt. Actually, start ing 
from 2000 , we see more bankruptcies in the internet-related industry than ever 
before in history. Recent ly, the failure of banks, 1nortgage companies or firms 
of their like show similar contagion effect . The feature of systematic failure has 
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been confirmed. 
This has led some researchers to incorporate a "systematic risk" in their 
analyses . It is intuitive to assume that the systematic feature is governed by a 
"syst ematic risk", or a "common component" . In the analysis of other credit 
derivatives [18], systematic risk is now the new trend in the analysis of default 
correlation alongisde the copula approach. It is especially important for the 
analyses on default correlation. Since it is now known that default events t end 
t o cluster together , whether for firms or derivatives, it would be sensible to take 
the existing correlation into account , otherwise we risk underestimating the 
default probability. 
For t he time being, most of the credit analyses are done on individual or 
portfolio of corporate securities or credit derivatives, among which CDO is the 
most popular. In this context , the syst ematic risk is not something new. How-
ever , t he extent ion to firms' default analysis has attract ed much less at t ention 
and no similar attempt has been made t o a firm 's default probability. In this 
work, two approaches are used t o define the syst ematic component. The first 
approach is CAPM, because it has been well-known and widely used in ana-
lyzing the relation between individual asset and systematic risk. The "market 
bet a" idea is employed by using the bet a between asset return , rather t han 
stock return , and market return and hence, the variance can be analyzed as 
having two parts as in CAPM. Subsequently, the exist ence and t he number of 
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factors will be det ermined in a more objective way by means of factor analysis. 
Unlike any other factor models, the number of factors are not assigned at will 
to suit a models ' need. 
One of the latest application of factor analysis in econornics field is the "dif-
fusion index" [11], [16], which focuses on the forecasting and the analysis of 
macroeconomic variables through structural regression and has been proven to 
improve the accruacy of forecast estimate. On the other hand , in this work , 
factor analysis is atten1pted in a different area: financial data. The market 
value of asset within a single industry will be studied, and I shall investigate 
how the introduction of factor model affects the estimate of correlated default 
probability between firms. 
The paper is organized as follows. Section 2 reviews structural credit risk 
model. Section 3 and 4 lay out the estimation framwork and describe the pro-
cedure. Section 5 presents the estimation result. Section 6 concludes . 
2 Literature Review 
In order to model defaults , there are two main types of model used: the 
structural model and the intensity model. The intensity model assumes that 
defaults arc random events and they occur at a hazard rate. It does not link 
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the default event to the firm 's capital structure, or financial or economic envi-
ronment. Rather , it is similar to the concept of survival analysis in actuarial 
science where the firrn 's rnortality rat e is modeled. Or put in another way, 
default in intensity model is exogenously det ermined. Systematic risk is intro-
duced to the hazard rate of the process so that it affects the hazard rate of 
all firrns, but in different extent . Indeed , intensity model has attract ed a vast 
amount of research. However , its lack of link between capital structure and 
default raises is its major shortfall. 
On the other hand , the structural model of credit risk is derived from Mer-
t on 's [13] option pricing model , where firm 's asset follows a brownian 1notion 
with drift. When the firm 's value hits the default level at a predet ermined time, 
T , default happens. Please refer to Figure 2, which describes the occurence of 
default. 
[Insert Figure 2 here] 
The threshold level is relat ed to the liability of the firm. KMV [5] assumed 
that default level is the sum of short t erm debt and half of long t erm debt. Thus, 
the asset-liability structure is considered in structural model, and default prob-
ability is hence derived. Crosbie and Bohn [5] briefly described that asset value 
could be esti1nat ed with the help of the well-known "Black Scholes equation" 
if equity value and vari ance can be obtained. However , asset value cannot be 
estimated without difficulties or loss of accruacy. KMV [5] int roduced iteration , 
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stating that as long as equity return and its variance are known, asset return 
and variance can be obtained. Yet , they provided no further detail on this topic. 
The assumption of "default at time T " immediately raises a problem. What 
happens if the firrn 's value falls below the threshold value before T and rises 
again? Please consider the red path in Figure 3. 
[Insert Figure 3 here] 
It is clear that the firm should have been declared bankrupt at time t, and 
therefore the Merton 's model will incorrect ly estimate that the "red" firm has 
a lower probability of default than the "black" firm. 
To tackle this problern , first passage time (FPT) model is derived. Instead 
of modelling the probability of default at time T , we model the time of first 
occurence, i. e. the first time asset value hits the threshold level. This is simi-
lar to modelling the probability of exercise of a down-and-out call option and 
would provide more realistic result. Hence FPT, instead of the ordiary Mer-
ton's model, will be adopted throughout this work. 
On the other hand , to account for the systematic risk, related previous works 
considered an unobservable single risk. In Gordy's work [9] "asymptotic single 
risk factor" framework for portfolio of credit securities was suggested . He did 
not specify what the risk is , but only assumed its existence, although he did 
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raise a few possibilities, such as global or macroeconomic or industrial factors. 
Lopez [12] has taken one step further and implemented the model in KMV 
framework. However, Lopez assumed the single risk factor to be the weighted 
surn of country's and industry's return of the firrn. Yet, this "single risk fac-
tor" was no longer a systernatic one but changes across different firrns , hence 
firrn-specific. Other schools of credit risk analysis, such as the work by Wagner 
[18], considers the systematic risk in intensity model. Wagner [18] adopted a 
factor model with intensity rate adjusted, containing both a common intensity 
rate and an idiosyncratic component. Most of the works simply assumed that 
such a common con1ponent exists , without formally defining what it should be. 
After all, for every firm, the risk it faces can be divided into systematic risk 
and idiosyncratic risk , which is consistent to the capital asset pricing model 
( CAPM) of Sharpe [15], which found that the systematic risk of a firm 's stock 
return is the market return. CAPM indicates that stock return follows the 
relation: E(r,J = rf + {3i (E(rM) - rf ). ri, rf and rM indicate the return of 
individual stock, the riskless rate, and the market return respectively. Finns 
may be positively or negatively related to the market , depending on the sign of 
{3 . It is worthwhile to test if CAPM helps in the analysis of asset correlation, 
by finding the {3 for asset return. 
There have also been researchers who feel that other macroeconomic vari-
ables should be accountable for the the default risk of firms. Alien and Saud-
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ners [1] summerize that cyclical feature of probability of default has been found , 
and the cyclical behaviour of rating agencies has been supported with evidence . 
Rating transitions have links with macroeconornic and industry effects as well. 
Most recently, Qu [14] found that macro factors such as industrial produc-
tion , interest rate spread, exchange rate, and share price all aHect the expected 
default frequency of Swedish industries. Interest in , as well as evidence for , sys-
tematic risks within default risk emerge, and the systematic risk is no longer 
latent and mysterious; it can now be well defined . 
Although Qu 's work [14] has shed some light on which macro factors to 
consider, there are a few problems which may require attention: 
1. Qu considered unanimously the log of industrial production, interest rate 
spread , share prices, CPI, unemployment rate and exchange rate. Yet , 
different econornic data should be transformed in different ways so as to 
provide meaning to the analysis. Usually, the return of share prices, and 
the level of unemployment rate are more meaningful than the log of them. 
Indeed, most economic variables grow at exponential rate and, instead of 
the level, the growth rate should be more meaningful for analysis in most 
cases 
2. JVIacroeconomic variables can be highly correlated in nature. It would be 
more desirable if a correlation t est can be done to ensure no multicolin-
earity exist or else the stand-alone eHect of any single variable may not be 
meaningful 
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In v1ew of the potential problems brought about by handpicking factors, 
another approach is considered: Factor Analysis. 
Factor analysis has been a very popular tool in psychological and statistical 
researches. It can give out p common latent factors to explain N variables, 
where p < < N . Therefore, it can greatly reduces the dimension of dat a and 
sometimes provide insight to the causes of variability. However , the application 
of factor analysis in economics is different from t hat in psychology or st atis-
tics . In economics, long time-series data are available in huge number , which 
is usually not the case in other areas of studies . In order to make use of as 
much information in the large dimension as possible, approximate factor model, 
instead of the previous "exploratory factor analysis", has been used to accom-
modate the charact eristics in economic dat a . Yet similarly, the common factors 
are defined as follows: 
Rt = ALt + Et 
where the dat a R t is defined as the linear combination of the factors Lt, which 
is a vector of factors. By using this process we can reduce the dimcnsionality 
problem of huge set of variables . The factor loadings arc precisely t he sensit iv-
ity measure towards syst ematic risk. 
Another well-known attempt to capture the dependence among defaults is 
by Zhou [19], who directly modeled the correlation between the asset return of 
any two firms. It was assumed that the Wiener process in t he asset dynam-
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ics of the firms were correlated , and a closed-form solution for the correlated 
default probability was hence derived. Zhou 's work [19] based on structural 
rnodel of default and adopted the first passage tirne rnodel for more realistic 
default probability. The similarity in the underlying framework allows for corn-
parable analysis between his model and the factor models (Bai [2] and CAPM) 
presented here, and I shall t est which model accounts for better dependence 
among default events. 
3 Estimation Framework 
The conventional asset dynarnic will be modified in this section . It is as-
surned t hat the asset value of t he firms is affect ed by a syst ematic risk factor 
in addition to their own dynamic. According to Crosbie and Bohn [5] , it has 
been ctssumcd that the firm , similar to stock price, follows this dynamic: 
dA A = p,dt + o-dW 
where p, is the drift t erm, a- is the st andard deviation of asset , and dW is a 
Wiener process . 
Here the firm asset dynamic is modified to have the following dynamic: 
dA A = p,dt + r dR + wdZ 
where dR and dZ arc Wiencr processes. dR is the Wicner process of the single 
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systematic risk factor R, and dZ is the idiosyncratic risk of the stock. It is 
assumed that both dR, dZ rv N ( 0, dt). J..L is the drift term, r is the sensitivity 
to R, and w is the residual variance term such that r 2 + w 2 = 0"2 . 
I assume that there is no interaction between the systematic risk and idisyn-
cratic risk to simplify matter. Thus, cov(dR, dZ) = 0. 
From the asset dyna1nic, I must now compute the asset value at time T 
in order to calculate its default probability. According to Taylor's series, f , a 
function of asset value , should follow 
omitting terms with power of dt exceeding 1. 
Since dR , dZ rv N (0, dt) , both dZ 2 , dR2 rv dt. Also , the infinitesimal nature 
of. dt means that dt 2 rv 0. As the expected value of dR and dZ is 0, the 
deterministic part of df equals 
and the stochastic part is 
of 
oA (rAdR + wAdZ) 
Let df = dlnA 





Integrating both sides 
lnT '"'·? + W2 ;,·T ;,·T ;,·T d ln A = (M - ) dt + r dR + w dZ .o 2 .o .o .o 
! 2 + w2 
A(T) = A(O) exp[(M -
2 
)T + r Rfl + wZVf] 
A(T) = A(O)exp[vT + rRfl + wZVf] 
where v = 1-l - 12 ~w2 , R and Z are both normal random variables . 
3.1 Defaults in Merton's Model 
In Merton 's model [13] the underlying asset follows a stochastic dynamic. 
Practically, however , it is impossible to observe the market value of asset. Yet , 
the book value of asset is untimely and may possibly be up to manipulation. 
Therefore , the sum of market capitalization and liability will be used as a proxy 
for market asset value. 
Default can only happen at time T when the asset value A(T) falls below a 
threshold level, 1-Ir. H is allowed to grow at the same rate as asset and there 
1-Ir = H evT . 
Prob(default) P(A(T) <Hr) 
P(A(O) exp[r Rfl + wZVf] <H) 
P(rRfl + wZVf < lnH -lnA(O)) 
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= <I> ( ln l-1 - lnA(O)) 
j T (r 2 + w2) 
If t here exist more than one ri sk fact ors and they arc independent of each 
ot her , the dynamic can be modified as follows : 
A(T ) = A(O)exp[r'Rfi + wZfi] 
where is a vector of risk fact or scn itivitics and R is a vect or of independent 
risk factors . 
Howev r. Merton , · model [13] i criti ciz d for it over-simplifi cl nat ur . De-
fault can only happen at t ime T , t he time of maturity, and analy is of corrc-
latcd defaults is also restrict ed to happen a.t time T only, which i unrealistic. 
Therefore , the analysis would be extended t o the First P assage Tirnc F PT 
method. 
3.2 Defaults in First Passage Time model 
First of all , we consider two random variables F1 , F2 ,which describe whether 
a firm defaults or not . 
Fi(t) = ~ ~ if firm i defaults by t irnc t 
otherwise 
Let T be the time at which default occurs, 1. c. the asset value hi ts t he 
threshold H. Therefore by d finiti on the first passage t in1 rs 
T = inf{T 2 0; A(T) ::; 1-J} 
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and the probability of default is hence defined as 
P(T ~ T) = Pr( min A(u) ~H) 
O<uS.T 
The reflection principle states that, after hitting the barrier , the "reflected 
path" of a Brownian motion follows the same distribution as the original Brow-
nian motion. 
[Insert Figure 4 here] 
As shown in Figure 4, path A is a refl ection of path B along H , the threshold 
level. Both paths share the same probability of occurence after asset value hits 
H at timet. Please refer to Harrison [10] for more details on reflection principle. 
It follows that the probability of default in first passage time model is: 
P(T ~ T) P(D(T) = 1) 
Pr( min A(u) ~ H) 
O<uS.T 
2P(e-vT A(T) > H) 
2P(lnA(O) + rVTR+wVTZ > lnH) 
2cD( lnH - lnA(O)) jT(r2 + w2) 
(1) 
Consequently, to evaluate the contribution of factor model to default cor-
relation , the correlated default probability will be compared to the default 
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probability calculated fron1 Zhou 's [19] closed-form equation. Different from 
the factor model, Zhou considers the correlation between asset return , p, as the 
main element in the correlated default probability: 
[ 




The closed-form correlated default probability is: 
where I cv ( x) is the modified Bessel function and 
if PiJ < 0 
otherwise 





This will be used as the basis of comparison in later part of the paper. 
15 
3.3 Estimation with Factor Analysis 
A closer observation of the asset dynamic shows that 
dlnA1 - f.-l1dt 




dlnA2 - f.-l2dt 
1 f H dR21 +f 1 
JN lJ(jj JNpJ(jj 
WNJdidZN dlnAN - f.-l Ndt dRP 
for multiple systematic risks , where dRi, dZj for all i = 1, 2, ... , p and j = 
1, 2, ... , N follows N(O, 1). It is actually similar to factor analysis, which t akes 
the following form: 
f 
The approximat e factor model differs from the abovementioned statistical 
factor model in two main ways . Firstly, number of observation N is not re-
strict ed so that there is no need to give up some otherwise useful dat a . Second , 
dependence is allowed to exist between the errors, which is a more realistic as-
sumption and at the same time, imposes less restrictions to the factors obtained. 
The approximate factor model is estimat ed as : 
xl 
Au Alp Fu Fpl En e pl [ x2 ] [ ][ ] + [ ] 
ANl ANp FlT FpT E1T ENT 
XN 
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Factor analysis can reduce the dimensionality of data. N variables can be 
summarized by only p factors, and p < < N. Also, a special feature of factor 
analysis is the independence among factors. That is , C orr ( Fi, Fj) = 0 for all 
i, j . Therefore, it is especially easy to be implemented in the extended model 
in this analysis , where the risk factors should be independent of each other, 
given that there exist more than one factors. Also, as Bai [2] has proved, the 
factors follow a N (0, 1) distribution asymptotically as N -----+ oo. Thus, all the 
assumptions listed above for the extended model can be accommodated by fac-
tor analysis. 
First, it is assun1ed that firms within the same industry share the same set 
of latent variables: 
where R,it represents the i firms return at time t. Ft is the vector of factor 
value at time t. ,\ is a matrix of factor loading of firm i, which should be time 
invariant within the investigation period. According to Bai [2], the factors arc 
co1nputcd using the principal components, because it takes into account of all 
the variabilitics within the data. Such a method requires solving the cigcnvalucs 
and cigcnvectors of the matrix X X'. Using such method minimizes 
With the normalization of F' F /T = Ir, where JP is an p x p identity matrix, 
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the estimated factors arc given by 
ei represents the eigcnvector corresponding to the ith largest eigenvalue. p IS 
the number of factors extracted from the calculation. The factor loading is 
hence given as A' = (F' F) - 1 F'X. 
3.3.1 Number of factors 
In many previous studies of approximate factor models, the number of fac-
tors could only be assumed according to certain economic theories. A formal 
statistical approach is developed by Bai and N g [3], which can consistently 
estimate the number of factors , p. Their invention minimizes the difference 
between the data and the fitted model. Moreover , the information criteria 
proposed takes into account of both N and T , rather than just one of them. 
Also , there is no sequential requirement for covergence of N and T , and it does 
not require a prior estimation of number of factors. Hence, no subjectivity is 
involved in this tool. 
It is first defined t hat the su1n of square residual of t he fitt ed model is 
V( FAT) . 1 ~ 0 (X \ T1 DT)2 r, = mln NT L..t L..t it - /\i r y 
t = l t = l 
and they define a loss function 
V(k, Fk) + kg(N, T) 
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to penalize overfitted model. The information criteria are thus in terms of the 
loss function. Bai and N g [3] suggested three information criteria which will be 
used in this work: 
~ (N + T) ( NT ) I CP1 ( r) = l n (V ( r, Fr)) + r NT l n N + T 
~ (N + T) ICP2 (r) = ln(V(r , p r· )) + r NT lnC~r 
ICv3 (r ) = ln(V(r, frr)) + r( NN+TT) C~frT) 
where C'Jvr = m in { N, T}. The three differ on the definition of g. Yet they 
all consistently estimate p and should provide the same result. The selection 
criteria of these ICs are similar to AIC or BIC: the smaller the value , the better 
fits the model. 
4 Estimation 
4.1 Procedure 
For the asset return variance , there should not be any change before and 
aft er we modify the dynamics, as we have assumed that ri + ri + ... + w2 = 0" 2 , 
for all possible number of [S, be it the {3 in CAPM, or As in factor analysis. 
Under the CAPM fr amework, the asset beta will be calculated with the stan-
d d f. l cov(TM ,TA ) ar ormu a ( ), 
vaT T'M 
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On the other hand, in order to implement the approximate factor model, 
the systematic risk factors, also known as the common factors , have to be 
obtained. Subsequently, the relation between common factors and macroeco-
nomic factors will be tested to look for any possible connection. Afterwards, 
the factor loading , or the sensitivity to systematic risks, will be used to account 
for the correlation arnong the firrns' asset return. Si1nulations will be run to 
investigate if the factor analysis provides more accurate estimation of default 
probability of firms. 
4.2 The data 
In our data, the industry that a firrn belongs to is defined according to the 
Standard Industry Classification (SIC) code. The analysis here focuses on firms 
coming from industry with 2-digit SIC code ranging from 20-39 , the division of 
n1anufacturing. For the number of firms in each 2-digit SIC group , please refer 
to Table 1. 
[Insert Table 1 here] 
There are altogether 1225 firms' asset return across 48 months. 1v1onthly 
stock price and number of shares outstanding arc obtained from CRSP database; 
quarterly liability data from COMPUSTAT database. Monthly asset value is 
proxicd by the monthly market capitalization and the intrapolated quarterly li-
ability of the finns , and the returns are standardized with mean 0 and variance 
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1. All firms with data from 2003:12 to 2007:12 are considered in the sample in 
order to investigate the latest characteristics of the industry. Such a period is 
chosen t o avoid any uncommon shocks or turmoil in the market. Fact or model 
is sensitive to outliers. Though it may provide new insight into the variabil-
ity of dat a if the period of turmoil is included , such as the period of dot-corn 
bubble from around 2000 to 2003 , and additional factors might result in or-
der to explain for the continual downward shocks , it is not suitable if a more 
long-term issuc,i. e. the general sensitivity of all the firms towards the common 
factors, is considered here, as a long t erm estimate should be a rather st able one. 
The macroeconomic variables considered are un mployment rate, industrial 
production , capacity utilization , CPI, inflation rate, monet ary base and S&P 
500 return. Commercial paper spread , which is usually used in t esting business 
cycle, is also t est ed. Market return is proxied by S&P 500 return. Correspond-
ing monthly dat a are obtained from Econst ats.com. For det ails on transforma-
tion of the data, refer to Table 2. All transformed series span from 2004:1 to 
2007:12. 
[Insert Table 2 here] 
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5 Estimation Results 
The value of all three I Cs shows that 1 factor is optimal for the manufactur-
ing division (Table 3) , if we assume that number of factors should not exceed 
20. This is an arbitrary number but it is obvious that using 20 or more factors 
to account for a time series with only 48 time points would not have much 
degree of frecdorn left. Also , it is always true that the rnodel fits best when all 
factors arc included. However this would lose the efficiency of using a factor 
model and hence an arbitrary limit of factors should be set. 
[Insert Table 3 here] 
In traditional factor analysis on stocks return, it is always claimed that the 
first factor is the market factor. Is this the case in approximate factor n1odel? 
Is the factor related to any other macroeconomic variables? The following re-
gression has been carried out to see if there is any relation between this factor 
and the macroeconomic variables suggested by Qu [14]. 
factor,i = cx0 + cx 1J Macroeconomic Variable] 1 
[Insert Table 4, 5 here] 
1 Different regression models have a lso been t est ed to expl a in for the late nt facto r. For exa mple , the multiple 
regression "fa ctor-.i = ao + L ; ali Macroeconom ic Varia blej'', for j meaning a ll macroeconomic variab les 
considered were carr ied o ut. Or converse ly, the model "Macroeconom ic Var iables.'l = ~o + L -i f.1Ja ctor-.,", 
for 'i = 1, 2 , 3 were a lso t est ed. However , the results reveal no new ins ight . The market return rem a ins the 
one a nd only one macroeconom ic factor to explain for the factor from t he asymptot ic factor model. 
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Table 4 summarizes the findings for the 1st factor , as well as the 2nd fac-
tor and the 3rd factor. It is obvious that the 1st factor refers to the market 
factor , with its estimated coefficient significant at 1% level and regression R 2 
equal to 0. 7346. This result reinforces that market return alone is sufficient 
to explain the syst ernatic component of the firm. Indeed , the fact or loadings 
and the asset bet as estimated are similar. The ratio between estimated beta 
and loadings is roughly equal to one. The first , second, and third quartile of 
the ratio is 0. 7027, 0.8637 and 1.0433 respectively. This result will allow more 
convenient application in the future, since market return can be directly used 
as the systematic risk, and there is no need to repeat the factor model process, 
at least for manufacturing industry. 
On t he other hand , although the other two factors show a certain degree 
of relation with the macro factors, they are not significantly correlated to any 
rnacroeconomic variables considered here. Even if t he regression coefficients are 
significant , the low R 2 indicates that the macroeconomic variables do not have 
much explanatory power over the factors. 
5.1 Correlated Default Probability 
Under t he fr amework of factor model, it can be seen that t he correlation 
between defaults comes mainly from the factor. In order to evaluate t he esti-
mation efficiency of fact or model and CAPM, Monte Carlo simulation has been 
23 
employed. The 5-year cumulative default probability, with December 2007 as 
the starting point, is simulated with 1000 paths, assuming annual risk-free rate 
at 3%. In the ith path of sirnulation, all the firrns are subjected to the sarne 
array of normal random variables, which is used to model market return. 24 
firrns , which have default ed during the period from January 2008 to June 2009 , 
are considered in the comparison. Default ed firms are chosen since the event 
has occured and this indicates the default probability should be reasonably 
high based on data up to 2007. If the calculated default probability is low , the 
model is sure to fail for other firms. Therefore, being able to predict high corre-
lated default probability for defaulted firm is the first requirement. In order to 
compute Zhou 's correlated default probability, the pairwise correlation of asset 
return is computed and summarized in Table 7. 
In order to check if default dependence is better accounted for by the CAPM 
and the factor model in contrast to the work of Zhou [19] , a probability ratio 
. l l d· P(D1ID2) _ P(D2IDI) _ P(D1 QD2) · h - d' · l d -f l 1s. ea cu ate . P(DI) - P(D
2
) - P(DI)P(D2 ), Le. t e con 1tlona e au t 
probability of firm 1 given firm 2 has defaulted , over unconditional default 
probability of firm 1, and vice versa. If the default events are independent, the 
ratio is sure to be 1. If positive correlation among defaulted firms is revealed 
by a model, the ratio value should be larger than 1, and the larger the value, 
the more dependence has been revealed by the model. 
[Insert Table 6,8 here] 
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The summary statistics of the probability ratios (Table 8) shows that Zhou 's 
method has the smallest range of probability ratio, and the factor model has 
the largest. Zhou's method detected negative correlation among some defaulted 
firrns, and this is evident from Table 9, as the 1st quartile of probability ratio 
is srnaller than 1. Put in other words , more than 25% of the defaulted firms 
were found to be negatively correlated. This is contrary to the abovcmcntioned 
assumption: high positive correlations should be found among defaulted firms. 
On the other hand, regarding the factor model, it can be seen that all the 
correlations revealed are positive, and CAPM also finds that all correlat ions 
are positive except for one pair of firms. Yet, a point to note is t hat for factor 
model , the probability ratio can reach as high as 18. 72. It can be seen fron1 
Tables 11 and 12 that large probability ratio values tend to cluster at a couple of 
firms. The emphasized numbers in the tables indicate that the probability ratio 
obtained from CAPM or factor model is more than double of Zhou's method. 
In particular, gathering of high probability ratio can be found for firm 12 (Lipid 
Sciences Inc.), 17(Smurfit Stone Container Corp) or 20(Introgen Therapeutics 
Inc.). These 3 firms are, in fact, the firms with the lowest calculated default 
probability. For details please refer to Table 9. As a matter of fact , the large 
ratio value may be the result of the revelation of previously hidden or ignored 
dependence , as well as some simulation error. Only 1000 paths arc simulated 
and the results for very low probability value would be more susceptible to 
errors. 
[Insert Table 9 here] 
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In general, probability ratio from CAPM and the factor model is larger than 
that of Zhou 's method and it can be concluded that a great er degree of positive 
dependence is revealed by the models proposed in this paper. For the complet e 
t ables, please refer to Tables 10,11 and 12. 
[Insert Tables 10,11 ,12 here] 
5.2 Further applications of the model 
5. 2.1 More-than-pairwise default correlation 
For the time being , the analysis on correlated default based on structural 
model has been limited to pairwise comparison analysis [19] , [17] because of the 
nature of t he correlation coefficient. However , as mentioned in the introduction , 
default events would cluster together , and it would be unlikely for any analyst 
to be concerned with only 2 firms at any time. With the help of fact or rnodel, 
t he restriction no longer exist s. Analysis on 3 or rnore firms is now possible 
and can be done easily with the help of Monte Carlo simulation. One needs 
only to obtain the loadings of the firms of interest , and simulate the dynamic of 
both t he syst e1natic and idiosyncratic components. Following the definiti on of 
Zhou, the correlated default probability is the tot al number of paths in which 
at least one firm has defaulted , over the number of paths simulated. 
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5.2.2 Change in The Distribution of Common Factor 
Stress t esting has been a common tool in risk analysis and can be introduced 
into this model as well. Previously, any shocks in the economy can be modeled 
by rnethods such as the jump diffusion model. However , in tirnes of economic 
difficulty, negat ive shocks occur more frequently and severely t han in norrnal 
tirnes, and the normal jump diffusion model will have t o be re-calibrat ed t o 
serve t he purpose. Alternatively, the st andard deviation can be modified such 
that it reflect s tirnes of higher volatility. However , given the same change in 
systematic risk, the degree of modification needed differs across all firms, as 
they all respond towards the shock according to their individual charact eris-
t ics, i. e. the factor loadings. 
Such kind of extreme value analysis allows deviation of up to 4CT , or even 
up to 5 or 6CT from the mean. In contrast , the normal distribution assumption 
allows for very rare occurence for 4CT event . The introduction of systematic 
ri'sk thus allows us to assume a fatter left t ail distribution for the systematic 
risk factor. Fat-tail distribution can be applied to different factors in different 
extent according to the views of analyst s. 
There are many generalized extreme value distributions to choose from , and 
the Gumbel distribution is one of the most well-known. 
[Insert Figure 5 here] 
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In the graph, a standard normal and a standard Gumbel distribution is 
compared. It can be seen that the probability of extreme loss (50" or above 
deviations) is much rnore significant for Gurnbel distribution , and it suits the 
purpose of analysis. However, since the sum of Gumbel distribution and nor-
mal distribution cannot be easily solved, simulation may be used to compute 
the default probability, as well as the correlated default probability, of the firms. 
6 Discussion 
This work has proposed the use of asset return beta similar to the stock re-
turn beta in CAPM and approximate factor model to account for the systematic 
component in the asset return. It has been shown that in factor analysis, one 
factor has been extracted and are found to be highly correlated to the return 
on S&P 500 index. Subsequently the Monte Carlo simulations has shown cor-
related default probability based on the asset return beta or the factor model is 
smaller but in general close to the result of previous work . This suggests that 
the market risk is the systematic component in the default risk of manufactur-
ing industry, and it helps in predicting the correlated default probability of the 
firms. The dependence in defaults is better revealed by the factor model and 
the CAPM than previous attempt with correlation coefficient. 
Yet several issues st ill remain. The first is that only manufacturing division 
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has been considered. Hence, for the time being, the result list ed above applies 
only for manufacturing division. Application of approximate factor model on 
any other industries , or even the whole economy, may provide different number 
of fact ors and different relation between common factors and macro economic 
variables . It would be completely inappropriat e to assume that the results apply 
everywhere. The second issue arising from the property of factor analysis is 
the time span considered. In factor model, one of the biggest restrictions is the 
requirement of a balanced panel. This may result in a survival bias as only firms 
which exist ed throughout the whole period of investigation will be considered. 
In t his work , firms t hat were founded aft er J anuary 2004 and t hose closed 
down before December 2007 have been completely ruled out of the sample. A 
dilemn1a is post ed: the shorter the series, the more firms available, and less 
severe the survival bias problem. Yet , the longer the series, the more accurate 
the estimation. An ideal case would be to be able to work with unbalanced 
panel dat a . On the other hand , the results obtained may not be applicable 
to other periods, unless we assume that charact eristics of the considered firms 
remain unchanged. If the process is repeated for dat a ranging fro1n 1994 to 
1997, there is no guarantee that similar results, such as the number of factors, 
or similar interpret ation of factors. It is because the characteristics of the dat a, 
which is the basis for factor analysis, have varied , and this is an unavoidable 
limitation of t he factor analysis. The third issue is simulation errors. According 
to the law of large number , simulation result is more accurate if more paths can 
be generated , meaning that results from 5000 or even 10000 simulated paths 
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may provide more accurate results. Also , several variance reduction methods 
may be employed so as to reduce the variance in simulated value. Random 
variables hence generated would follow the assumed distribution more closely. 
6.1 Future A venue 
In this work, only the CAPM , which is a simple one-factor model, was uti-
lized. There are indeed different factor models , such as the Fama-French [6] 
3-factor model, which includes difference between market capitalization and 
book-to-price ratio as the extra two factors, or the Fama-French-Cahart [4] 
specification , where the rnomenturn factor is found to have explanatory power 
as well. As a matter of fact, CAPM was chosen mainly because the number of 
factor is comparable to the result of approximate factor model. For other multi-
factor model, even if one of the metcroeconomic or financial factors employed 
in these models can explain for the latent factor , it would not be a desirable 
comparison , because if all the factors in the multi-factor model are useful , then 
it' will be highly likely to outperform the corresponding approximate one-factor 
model. Indeed , this work is only a preliminary attempt to reconcile the statis-
tical factor model and the empirical factor model. Statistical factor models arc 
objective, and market models , such as the CAPM, are intuitive. The reconcil-
iation hence provides both objectiveness and market sense in the analysis. If 
more than one factors can be extracted by the approximate factor model fro1n 
other industries , or even the whole economy, or from different time period, the 
multi-facotr market models could be undoubtedly considered for comparison. 
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On the other hand , research on, as vvell as interest in , factor model has been 
expanding. As a matter of fact , the factor model applied here is a basic version, 
and the relation is assumed to be static over ti1ne. More advanced methods, 
such as the dynamic factor analysis [7], [8] have already seen their way in the 
latest econometric research. The dynamic factor model is an autoregressive 
factor model and allows factors and loadings to change across time, which is 
more appropriate for forecasting. Such a tool is employed to investigate the 
comovement between series and it would be interesting to test if it comes up 
with conclusion different from the static factor model given its dynamic nature. 
It is proposed [8] that the DFM may take the form: 
Yt = G(L)ft + ~t 
where the lagged terms enter into the factor model. For different time point a 
different loading will be given by this model. 
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Figure 1: GDP growth versus Bankruptcy growth 
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Figure 4: Two possible paths of asset value after hitting the barrier 
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Figure 5: Normal Distribution and Gumbcl distribution 
39 
B Tables 
SIC Industry Number 
Code of firms 
20 Food And Kindred Products 67 
21 Tobacco Products 4 
22 Textile Mill Products 7 
23 Apparel And Other Finished Products Made 18 
From Fabrics And Similar Materials 
24 Lumber And Wood Products, Except Furni- 6 
tu re 
25 Furniture And Fixtures 16 
26 Paper And Allied Products 24 
27 Printing, Publishing, And Allied Industries 29 
28 Chemicals And Allied Products 243 
29 Petroleum Refining And Related Industries 12 
30 Rubber And Miscellaneous Plastics Products 24 
31 Leather And Leather Products 10 
32 Stone, Clay, Glass , And Concrete Products 13 
33 Primary Metal Industries 30 
34 Fabricated Metal Products, Except Machin- 35 
cry And Transportation Equipment 
40 
35 Industrial And Commercial Machinery And 158 
Computer Equipment 
36 Electronic And Other Electrical Equipment 264 
And Components, Except Computer Equip-
ment 
37 Transportation Equipment 59 
38 Measuring, Analyzing , And Controlling In- 181 
struments ; Photographic, Medical And Op-
tical Goods; Wat ches And Clocks 
39 Miscellaneous Manufacturing Industries 25 
Total 1225 
Table 1: N u1n ber of Firms in Different Industries 
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Macro Variables Transformation Method 
Unemployment rate not transformed 
Capacity Utilization not transformed 
Industrial Production first diff'erence on log 
~1onctary Bn,sc second diff'erence on log 
PCE first diff'erence on log 
CPI second diff'erence on log 
Stock Index (S&P 500) first diff'erence on log 
Inflation not transformed 
Interest Rate Spread not transformed 
Table 2: Transformation of l\1acro Variables 
Number of factors ICpl ICP2 ICP3 
1 -0.086306054 -0.0854 73939 -0.088634103 
2 -0.04 77 4011 -0.04607588 -0.052396209 
3 -0.004896972 -0.002400627 -0.011881119 
4 0.038352365 0.041680824 0.029040168 
5 0.080293547 0.084454122 0.068653301 
6 0.12487854 0.129871229 0.110910245 
7 0.16944124 0.175266045 0.153144896 
8 0.214833433 0.221490353 0.19620904 
9 0.259552958 0.267041993 0.238600516 
10 0.303046365 0.311367515 0.279765874 
42 
11 0.347190614 0.356343879 0.321582074 
12 0.389909545 0.399894924 0.361972955 
13 0.432137671 0.442955165 0.401873032 
14 0.4 73320442 0.484970051 0.440727754 
15 0.514634618 0.527116342 0.479713881 
16 0.55484023 0.56815407 0.517591444 
17 0.593537026 0.607682981 0.553960191 
18 0.631112108 0.646090178 0.589207224 
19 0.666703298 0.682513482 0.622470364 
20 0.701524191 0.71816649 0.654963208 
21 0. 7363955 76 0.75386999 0.687506544 
22 0.76943159 0.78773812 0. 71821451 
23 0.800280531 0.819419176 0.746735401 
24 0.829201844 0.849172603 0. 773328665 
25 0.855416191 0.876219065 0. 797214963 
26 0.879765776 0. 901400766 0.819236499 
27 0.903223663 0.925690767 0.840366337 
28 0.923410918 0.946710137 0.858225542 
29 0.941112385 0.9653719 0.87359896 
30 0.954999448 0.979962897 0.88515797 4 
31 0.965921043 0.991716607 0.893751521 
32 0.97180327 0. 998430949 0.897305698 
33 0.972541618 1.000001412 0.895715997 
43 
34 0.967440293 0.995732202 0. 888286623 
35 0.957104421 0.986228445 0.875622702 
36 0.938541405 0.968497544 0.854731637 
37 0.911606904 0.942395158 0. 825469086 
38 0.873807466 0. 905427835 0.7853416 
39 0.823278524 0.855731008 0. 732484608 
40 0. 758824236 0. 792108835 0.665702271 
41 0.671665249 0.705781962 0.576215235 
42 0.556247938 0.591196767 0.458469875 
43 0.39943933 0.435220274 0.299333218 
44 0.176572156 0.213185214 0.074137994 
45 -0.169555497 -0.132110323 -0.274317708 
46 -0.816919918 -0.778642629 -0.924010178 
47 -66.31685527 -66.2777 4587 -66.42627358 
48 -66.48458287 -66.44464135 -66.59632922 
Table 3: Value of Information Criteria 
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1st Factor 2nd Factor 3rd Factor 
Unemployment rate 0.7461 ** 





Stock Index (S&P 500) 39.6322*** 1 
Inflation Rate -0.3980** 1 
Commercial Paper Spread -1.5973*** -1.8965 *** 
Interest Rate Spread 
1 
"* **", "* *" and "*" indicate significance at level 0.01, 0.05 and 
0.1 respectively. 
Table 4: R,egression Coefficients of The Factors 
45 
Macro Var. 1st Factor 2nd Factor 3rd Factor 
Unemployment Rate 0.00187489 0.02544025 0.09054081 
Capacity Utilization 0.00068121 0.06482116 0.08667136 
Industrial Production 0.013924 0.01397124 0.00497025 
Monetary Base 0.00567009 0.02099601 0.05621641 
PCE 0.028561 0.01771561 0.04826809 
CPI 0.00799236 0.00117649 0.00002209 
S&P 500 Return 0.73462041 0.00276676 0.021025 
Inflation 0.03755844 0.09991921 0.04490161 
Commercial Paper Spread 0.03951 0.1985 0.2798 
Interest Rate Spread 0.0121 0.04431025 0.04687225 
Table 5: R2 of Regression 
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Firm's Name 
Northfield Laboratories Inc 
2 Hartmarx Corp 
3 Fleetwood Enterprises Inc 
4 Hayes Lemmerz International Inc 
5 Asyst Technologies Inc 
6 Atherogenics Inc 
7 Atlantis Plastics Inc 
8 Caraustar Industries Inc 

















Journal Register Co 
Lipid Sciences Inc 
Milacron Inc 
Nanogen Inc 
Nortel Networds Corp 
Pilgrim's Pride Corp 
Srnurfit Stone Container Corp 
Visteon Corp 
General Motors Corp 
Introgen Therapeutics Inc 
Constar International Inc 
Fairchild Corp 
Focus Enhancements Inc 
Quebecor World Inc 




1st Quartile -0.034809279 
2nd Quartile 0.07149281 
3rd Quartile 0.178311512 
Table 7: Correlation Coefficient of Asset Return among Defaulted Firms 
Zhou 's Formular [19] Factor Model CAPM 
Maximum 1.988069415 18.72225801 6.298540215 
Minimum 0.617903011 1.013049402 0.883715421 
1st Quartile 0.995799555 1.153348127 1. 077710986 
2nd Quartile 1.011611925 1.342730541 1.168975725 
3rd Quartile 1.06936717 1.740109659 1.432243318 
Table 8: Summary Statistics of Probability Ratio 
48 
Merton FPT 
Northfield Laboratories Inc 0.181881113 0.363762226 
Hartmarx Corp 0.183967259 0.367934519 
Fleetwood Enterprises Inc 0.155289161 0.310578321 
Hayes Lemmerz International Inc 0.154864122 0.309728245 
Asyst Technologies Inc 0. 299993541 0.599987082 
Atherogenics Inc 0.484025179 0.968050359 
Atlantis Plast ics Inc 0.49048717 0.98097434 
Caraustar Industries Inc 0.322057308 0.644114617 
Chad Therapeutics Inc 0.299602821 0.599205641 
Chesapeake Corp 0.328697427 0.657394854 
Journal Register Co 0.37810594 0.75621188 
Lipid Sciences Inc 0.054231407 0.108462814 
Milacron Inc 0.448110583 0.896221167 
Nanogen Inc 0.352 159222 0. 704318444 
Nortel Networds Corp 0.302851663 0.605703326 
Pilgr im 's Pride Corp 0.159142308 0.318284616 
Smurt Stone Container Corp 0.060767285 0.12153457 
Visteon Corp 0.404241431 0.808482863 
General Motors Corp 0.446217537 0.892435073 
Introgen Therapeutics Inc 0.015106838 0.030213676 
Constar International Inc 0.252694339 0.505388677 
Fairchi ld Corp 0.101296717 0.202593433 
Focus Enhancements Inc 0.171745872 0.343491744 
Quebecor World Inc 0.439126642 0.878253284 
Table 9: Theoretical Default Probability 
49 
()
l 
0 
2 
3 
4 
5 
6 
7 
8 
9 
10
 
11
 
12
 
13
 
14
 
15
 
16
 
17
 
18
 
19
 
20
 
21
 
22
 
23
 
24
 
0.
85
 
1.
02
 
0.
62
 
0.
90
 
1.
01
 
1.
00
 
1.
01
 
1.
10
 
1.
07
 
1.
01
 
1.
06
 
1.
00
 
1.
03
 
0.
93
 
0.
94
 
1.
05
 
0.
99
 
1.
07
 
1.
01
 
1.
19
 
0.
86
 
0.
98
 
1.
02
 
2 
1.
13
 
0.
90
 
1.
03
 
1.
00
 
1.
00
 
1.
09
 
0.
96
 
0.
94
 
1.
07
 
1.
52
 
1.
00
 
1.
07
 
1.
06
 
1.
01
 
1.
14
 
0.
97
 
1.
00
 
1.
11
 
1.
17
 
1.
58
 
0.
83
 
0.
99
 
3 
1.
14
 
1.
13
 
1.
02
 
0.
99
 
1.
21
 
1.
16
 
1.
08
 
1.
08
 
1.
52
 
1.
04
 
1.
16
 
1.
15
 
1.
33
 
1.
99
 
1.
03
 
0.
99
 
0.
92
 
0.
98
 
1.
01
 
0.
95
 
1.
06
 
4 
1.
03
 
0.
99
 
1.
00
 
0.
90
 
1.
03
 
1.
07
 
0.
97
 
0.
86
 
1.
00
 
0.
98
 
1.
13
 
1.
07
 
1.
23
 
1.
05
 
0.
98
 
0.
72
 
0.
83
 
0.
91
 
1.
18
 
1.
01
 
5 
1.
01
 
1.
00
 
1.
13
 
1.
03
 
1.
02
 
0.
99
 
1.
02
 
1.
04
 
1.
15
 
1.
07
 
1.
00
 
1.
28
 
0.
99
 
0.
99
 
0.
91
 
1.
01
 
1.
10
 
1.
21
 
1.
03
 
6 
1.
00
 
1.
01
 
1.
01
 
1.
00
 
1.
01
 
1.
01
 
1.
00
 
1.
01
 
1.
01
 
1.
00
 
1.
01
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
01
 
1.
01
 
1.
00
 
7 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
00
 
1.
01
 
1.
01
 
1.
00
 
1.
00
 
8 
1.
06
 
1.
01
 
1.
10
 
1.
23
 
1.
02
 
1.
10
 
1.
04
 
0.
91
 
1.
33
 
1.
00
 
1.
00
 
1.
30
 
1.
06
 
0.
99
 
1.
14
 
1.
02
 
9 
1.
08
 
1.
07
 
0.
91
 
1.
03
 
1.
08
 
1.
00
 
1.
16
 
0.
94
 
1.
02
 
0.
99
 
1.
38
 
0.
98
 
1.
00
 
1.
13
 
1.
01
 
10
 
1.
04
 
0.
 78
 
1.
01
 
1.
09
 
1.
04
 
1.
15
 
1.
08
 
1.
04
 
0.
98
 
0.
91
 
0.
97
 
1.
08
 
1.
09
 
1.
00
 
11
 
1.
02
 
0.
99
 
1.
03
 
1.
01
 
1.
02
 
1.
06
 
1.
00
 
0.
99
 
1.
19
 
1.
04
 
1.
07
 
1.
03
 
1.
00
 
12
 
0.
96
 
1.
04
 
1.
20
 
0.
93
 
1.
80
 
1.
07
 
1.
01
 
0.
88
 
1.
17
 
0.
90
 
0.
68
 
1.
02
 
13
 
1.
05
 
0.
99
 
1.
00
 
1.
03
 
1.
01
 
1.
00
 
1.
08
 
1.
01
 
1.
05
 
1.
02
 
1.
01
 
14
 
1.
10
 
0.
99
 
1.
09
 
1.
02
 
1.
00
 
1.
14
 
1.
04
 
1.
18
 
1.
07
 
1.
01
 
15
 
1.
06
 
1.
13
 
1.
00
 
0.
99
 
0.
92
 
1.
05
 
1.
05
 
1.
04
 
0.
99
 
16
 
1.
10
 
1.
06
 
0.
91
 
1.
02
 
1.
10
 
0.
94
 
1.
12
 
1.
03
 
17
 
0.
93
 
1.
01
 
0.
87
 
1.
18
 
1.
18
 
1.
11
 
1.
06
 
18
 
0.
99
 
0.
94
 
0.
97
 
0.
94
 
1.
06
 
1.
03
 
19
 
0.
97
 
1.
01
 
0.
98
 
0.
98
 
1.
00
 
20
 
1.
30
 
1.
49
 
1.
12
 
0.
98
 
21
 
1.
48
 
0.
96
 
1.
02
 
22
 
0.
 77
 
1.
01
 
23
 
1.
07
 
Ta
bl
e 
10
: 
Pr
ob
ab
ili
ty
 R
at
io
-
Zh
ou
is 
fo
rm
ul
ar
 [1
9]
 
()
1 
1-
-' 
2 
3 
4 
5 
6 
7 
8 
9 
10
 
11
 
12
 
13
 
14
 
15
 
16
 
17
 
18
 
19
 
20
 
21
 
22
 
23
 
24
 
1.
11
 
1.
45
 
1.
26
 
1.
27
 
1.
20
 
1.
17
 
1.
39
 
1.
26
 
1.
39
 
1.
21
 
1.
04
 
1.
29
 
1.
37
 
1.
35
 
1.
21
 
1.
73
 
1.
18
 
1.
08
 
1.
64
 
1.
32
 
1.
12
 
1.
15
 
1.
22
 
2 
1.
49
 
1.
37
 
1.
34
 
1.
19
 
1.
14
 
1.
42
 
1.
26
 
1.
32
 
1.
22
 
1.
49
 
1.
29
 
1.
51
 
1.
38
 
1.
33
 
2.
02
 
1.
19
 
1.
09
 
2.
89
 
1.
36
 
1.
42
 
1.
13
 
1.
23
 
3 
1.
99
 
1.
62
 
1.
28
 
1.
17
 
1.
69
 
1.
64
 
1.
59
 
1.
41
 
3.
36
 
1.
49
 
1.
73
 
2.
04
 
3.
98
 
1.
40
 
1.
65
 
1.
16
 
10
.3
1 
1.
65
 
2.
28
 
1.
56
 
1.
40
 
4 
1.
56
 
1.
29
 
1.
20
 
1.
65
 
1.
50
 
1.
49
 
1.
34
 
2.
 7
7 
1.
43
 
1.
65
 
1.
56
 
1.
81
 
3.
12
 
1.
39
 
1.
10
 
7.
69
 
1.
62
 
1.
98
 
1.
35
 
1.
36
 
5 
1.
11
 
1.
07
 
1.
30
 
1.
29
 
1.
23
 
1.
14
 
2.
37
 
1.
14
 
1.
28
 
1.
28
 
1.
54
 
2.
67
 
1.
15
 
1.
05
 
6.
85
 
1.
29
 
1.
76
 
1.
40
 
1.
14
 
6 
1.
01
 
1.
11
 
1.
10
 
1.
08
 
1.
06
 
1.
94
 
1.
04
 
1.
07
 
1.
10
 
1.
28
 
1.
87
 
1.
03
 
1.
02
 
4.
56
 
1.
14
 
1.
44
 
1.
21
 
1.
03
 
7 
1.
07
 
1.
08
 
1.
06
 
1.
03
 
1.
71
 
1.
04
 
1.
05
 
1.
06
 
1.
20
 
1.
64
 
1.
03
 
1.
02
 
3.
65
 
1.
09
 
1.
31
 
1.
16
 
1.
03
 
8 
1.
27
 
1.
25
 
1.
17
 
2.
74
 
1.
16
 
1.
26
 
1.
30
 
1.
61
 
3.
00
 
1.
15
 
1.
07
 
8.
50
 
1.
35
 
2.
04
 
1.
51
 
1.
15
 
9 
1.
23
 
1.
15
 
2.
26
 
1.
15
 
1.
24
 
1.
26
 
1.
36
 
2.
40
 
1.
14
 
1.
07
 
6.
04
 
1.
33
 
1.
64
 
1.
30
 
1.
10
 
10
 
1.
15
 
2.
56
 
1.
15
 
1.
23
 
1.
25
 
1.
56
 
2.
63
 
1.
14
 
1.
03
 
7.
28
 
1.
35
 
1.
77
 
1.
37
 
1.
11
 
11
 
2.
08
 
1.
08
 
1.
17
 
1.
19
 
1.
36
 
1.
99
 
1.
09
 
1.
02
 
5.
14
 
1.
19
 
1.
54
 
1.
28
 
1.
08
 
12
 
2.
43
 
3.
01
 
2.
79
 
2.
95
 
5.
16
 
2.
05
 
1.
32
 
8.
14
 
2.
35
 
2.
00
 
1.
64
 
2.
17
 
13
 
1.
16
 
1.
20
 
1.
43
 
2.
33
 
1.
07
 
1.
03
 
6.
59
 
1.
21
 
1.
68
 
1.
35
 
1.
06
 
14
 
1.
30
 
1.
66
 
2.
91
 
1.
14
 
1.
05
 
8.
72
 
1.
34
 
2.
01
 
1.
54
 
1.
13
 
15
 
1.
63
 
2.
87
 
1.
15
 
1.
05
 
8.
19
 
1.
34
 
1.
88
 
1.
47
 
1.
14
 
16
 
3.
49
 
1.
33
 
1.
10
 
7.
95
 
1.
53
 
2.
01
 
1.
34
 
1.
34
 
17
 
2.
07
 
1.
37
 
18
.7
2 
2.
59
 
3.
46
 
2.
16
 
2.
15
 
18
 
1.
03
 
5.
27
 
1.
18
 
1.
55
 
1.
25
 
1.
09
 
19
 
2
.
51
 
1.
07
 
1.
21
 
1.
11
 
1.
03
 
20
 
6.
46
 
5.
85
 
3.
63
 
5.
63
 
21
 
1.
76
 
1.
35
 
1.
17
 
22
 
1.
50
 
1.
61
 
23
 
1.
27
 
Ta
bl
e 
11
: 
Pr
ob
ab
ili
ty
 R
at
io
 -
Fa
ct
or
 l'v
1o
de
l 
T
he
 e
m
ph
as
iz
e
d 
n
u
m
be
rs
 
in
di
c
a
te
 t
h
e 
pr
ob
ab
il
it
y 
ra
ti
o 
o
bt
ai
ne
d 
fr
om
 f
ac
to
r 
m
o
de
l 
is
 
m
o
re
 t
ha
n 
do
ub
le
 o
f 
Z
ho
u 
's
 
c..
n 
tv
 
2 
3 
4 
5 
6 
7 
8 
9 
10
 
11
 
12
 
13
 
14
 
15
 
16
 
17
 
18
 
19
 
20
 
21
 
22
 
23
 
24
 
1.
37
 
1.
40
 
1.
48
 
1.
23
 
1.
10
 
1.
15
 
1.
17
 
1.
26
 
1.
18
 
1.
13
 
2.
06
 
1.
13
 
1.
13
 
1.
15
 
1.
27
 
2.
13
 
1.
18
 
1.
13
 
4.
91
 
1.
33
 
1.
73
 
1.
53
 
1.
12
 
2 
1.
26
 
1.
43
 
1.
20
 
1.
10
 
1.
14
 
1.
14
 
1.
34
 
1.
16
 
1.
14
 
1.
81
 
1.
11
 
1.
09
 
1.
16
 
1.
18
 
1.
78
 
1.
16
 
1.
09
 
3.
79
 
1.
20
 
1.
47
 
1.
30
 
1.
11
 
3 
1.
52
 
1.
24
 
1.
12
 
1.
19
 
1.
18
 
1.
34
 
1.
25
 
1.
12
 
2.
02
 
1.
13
 
1.
16
 
1.
19
 
1.
19
 
1.
96
 
1.
18
 
1.
14
 
3.
60
 
1.
38
 
1.
39
 
1.
43
 
1.
13
 
1.
33
 
1.
17
 
1.
19
 
1.
22
 
1.
43
 
1.
33
 
1.
23
 
2.
54
 
1.
15
 
1.
15
 
1.
32
 
1.
36
 
2.
37
 
1.
22
 
1.
15
 
6.
30
 
1.
41
 
1.
65
 
1.
49
 
1.
17
 
4 5 
1.
05
 
1.
08
 
1.
07
 
1.
15
 
1.
10
 
1.
02
 
1.
61
 
1.
05
 
1.
05
 
1.
11
 
1.
12
 
1.
61
 
1.
06
 
1.
01
 
3.
16
 
1.
13
 
1.
25
 
1.
26
 
1.
06
 
6 
1.
01
 
1.
04
 
1.
03
 
1.
03
 
1.
02
 
1.
48
 
1.
02
 
1.
03
 
1.
04
 
1.
12
 
1.
42
 
1.
02
 
1.
01
 
2.
 7
8 
1.
07
 
1.
22
 
1.
12
 
1.
01
 
7 
1.
04
 
1.
08
 
1.
05
 
1.
02
 
1.
68
 
1.
01
 
1.
03
 
1.
06
 
1.
17
 
1.
60
 
1.
02
 
1.
02
 
3.
52
 
1.
09
 
1.
30
 
1.
16
 
1.
02
 
8 
1.
11
 
1.
11
 
1.
08
 
1.
58
 
1.
05
 
1.
08
 
1.
09
 
1.
17
 
1.
57
 
1.
07
 
1.
03
 
3.
36
 
1.
14
 
1.
27
 
1.
22
 
1.
04
 
9 
1.
12
 
1.
08
 
2.
24
 
1.
05
 
1.
11
 
1.
16
 
1.
26
 
2.
18
 
1.
07
 
1.
07
 
5.
44
 
1.
24
 
1.
61
 
1.
39
 
1.
05
 
10
 
1.
07
 
1.
 79
 
1.
04
 
1.
06
 
1.
09
 
1.
19
 
1.
 7
5 
1.
09
 
1.
03
 
3.
45
 
1.
11
 
1.
36
 
1.
21
 
1.
05
 
11
 
1.
43
 
1.
02
 
1.
04
 
1.
08
 
1.
12
 
1.
44
 
1.
05
 
1.
02
 
2.
82
 
1.
07
 
1.
23
 
1.
15
 
1.
02
 
12
 
1.
51
 
1.
41
 
1.
72
 
1.
21
 
2.
96
 
1.
66
 
1.
51
 
4.
48
 
1.
84
 
1.
69
 
2.
4 
7 
1.
46
 
13
 
1.
03
 
1.
06
 
1.
13
 
1.
44
 
1.
03
 
1.
01
 
2.
86
 
1.
07
 
1.
20
 
1.
15
 
1.
02
 
14
 
1.
06
 
1.
16
 
1.
30
 
1.
05
 
1.
02
 
2.
33
 
1.
08
 
1.
20
 
1.
17
 
1.
03
 
15
 
1.
20
 
1.
61
 
1.
07
 
1.
05
 
3.
38
 
1.
14
 
1.
29
 
1.
27
 
1.
05
 
16
 
1.
18
 
1.
21
 
1.
12
 
0.
88
 
1.
17
 
1.
08
 
1.
41
 
1.
10
 
17
 
1.
62
 
1.
48
 
4.
56
 
1.
89
 
1.
95
 
2.
16
 
1.
43
 
18
 
1.
02
 
3.
43
 
1.
09
 
1.
31
 
1.
19
 
1.
03
 
19
 
2.
81
 
1.
09
 
1.
27
 
1.
12
 
1.
03
 
20
 
4.
36
 
2.
91
 
5.
08
 
2.
62
 
21
 
1.
39
 
1.
34
 
1.
05
 
22
 
1.
 7
0 
1.
20
 
23
 
1.
10
 
T
a
bl
e 
12
: 
Pr
ob
a
bi
lit
y 
R
at
io
-
C
A
PM
 T
he
 e
m
ph
as
iz
ed
 n
u
m
be
rs
 i
nd
ic
at
e 
th
e 
pr
o
ba
bi
li
ty
 r
a
ti
o 
o
bt
ai
n
e
d 
fr
om
 f
ac
to
r 
m
o
de
l 
is
 m
o
re
 t
ha
n
 
do
ub
le
 o
f 
Z
ho
u
's
 
CUHK Libraries 
004660163 
